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Abstract. In this paper we construct an explicit representative for the Grot- 
hendieck fundamental class [Z] G Ext''(C'z, H^) of a complex submanifold Z 
of a complex manifold X such that Z is the zero locus of a real analytic section 
of a holomorphic vector bundle E of rank r on X. To this data we associate 
a super-connection A on /\* i?^, which gives a "twisted resolution" T* of Oz 
such that the "generalized super-trace" of ^A^"^ , which is a map of complexes 
from T* to the Dolbeault complex , represents [Z]. One may then read 
off the Gauss-Bonnet formula from this map of complexes. 



Introduction 

If X is a complex manifold, and t is a holomorphic section, transverse to the 
zero section, of the dual i?^ of a rank r holomorphic vector bundle, it is well known 
that the fundamental class of the locus Z of zeros of r is equal to the top Chern 
class of the bundle i?^: 

[Z] = C,(i?^) = i-iy-CriE) 

For Hodge cohomology, this is the fact that the image of the Grothendieck funda- 
mental class 

[Z] eExt'^(02,r!^) 

under the map 

coincides with the top Chern class of E'^ . Proofs of this result tend to be indirect, 
i.e. they depend on the axioms for cycle classes and Chern classes, and comparison 
with "standard" cases. 

However, one may observe that the section t gives rise to an explicit global 
Koszul resolution 

and so the theorem can be rephrased as saying that image of [Z] under the map: 

Ext'^(if *(r), ^ Exe{Ox,n^x) 
induced by the isomorphism Ox — K'^i'r), is the top Chern class of E'^ . Our first 
result is to show that a choice of connection V on E, determines, via Chern- Weil 
theory applied to superconnections, an explicit map of complexes from the Koszul 
complex K*{t) to the Dolbeault complex of 51^, which represents the Grothendieck 
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fundamental class and the restriction of which to the degree zero component Ox 
of the Koszul complex is precisely multiplication by the r-th Chern form of i?^. 

One motivation for the current paper was to obtain a better understanding of 
the proof by Toledo and Tong of the Hirzebruch-Riemann-Roch theorem in 12J. 
In that paper the authors used local Koszul resolutions of the structure sheaf of 
the diagonal C X x X to construct the Grothendieck fundamental class [A^], 
and then to compute x(X, Ox) as the degree of the restriction of the appropriate 
Kunneth-component of [Ax] to the diagonal. For such a computation one needs 
only the existence of a "nice" representative of the Grothendieck fundamental class 
in some neighborhood of the diagonal. However the diagonal Ax is not in general 
the zero set of a holomorphic section of a vector bundle. Instead one can use the 
"holomorphic exponential map" (see the article [TOj for an exposition) to construct, 
in a neighborhood of the diagonal, a real analytic section of p*{Tx), which vanishes 
exactly on the diagonal. (Here p : X x X ^ X is the projection onto the first 
factor.) Thus we are led to consider what happens if we ask only that r be real 
analytic rather than holomorphic. In our second main result, we use the theory of 
superconnections and twisted complexes in the style of Brown [5J, and of Toledo 
and Tong {op. cit.) to construct a map from the Dolbeault resolution of K*(t) 
to that of f2^ representing the Grothendieck fundamental class and which restricts 
to the r-th Chern form of i?^. An important tool in this construction is a non- 
commutative version of the supertrace for endomorphisms of Grassman algebras. 

We should also remark that instead of working in the real analytic category, one 
can make a very similar argument in the algebraic category, using formal schemes. 

Let us now give a more detailed outline of the paper. Recall that the section t 
gives rise to a natural Koszul resolution K{t)* Oz, in which K{t)~^ = /\' £. 
Here £ is the sheaf of holomorphic sections of E. Choose a connection V : Ax®£ 

® £ of type (1, 0) {A]f being the sheaf of real analytic (1, 0)-forms on X) on 
£, such that = 0. Let V = V -I- 9 be the associated connection. We view V as 
acting not only on £, but on all tensor constructions on £. Then our first result is: 

Theorem (A). The connection V and the section r determine a map of complexes, 
from the Koszul resolution K{t)* ofOz, to the Dolbeault resolution A^x*[r] o/il^f H 

V':i^(r)*^^J*H 

the degree —r component of which is 71 («v(t))'^; and the degree component K{t)^ = 
Ox -^x*H'^ = '^^x of which is represented by the r-th Chern form of {E'^ , V). 
In general 7p is given by a linear algebra construction involving V and the curvature 
R = [V, d\s of V, and we have: 

• The class in Ext^^ (O^, Jl^^^) represented by ^ is the Grothendieck funda- 
mental class [Z] . 

• The image of [Z] in Ext^^ (Ox, ^^x) — H^''^{X,C), is represented by the 
degree zero component ofip, which is equal to the r-th Chern form Cr{E'^ , V) 

It follows immediately that the image of [Z] in H^'^{X,C) is equal to Cr{E'^). 

The proof of Theorem A is contained in Section [5l (cf . Theorem 15.51 and Corol- 
lary [SH). 

In the second half of the paper, we extend Theorem A to the case where Z is the 
zero locus of a real analytic section of E"^ . It is no longer the case that t determines 
a Koszul resolution of Oz, but instead we get a resolution of Ax* ®Oz- In order 
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to get a complex that is quasi-isomorphic to Oz, we construct a resolution of the 
Dolbeault resolution (8) Oz of Oz^ by constructing a twisted differential, 6, in 
the sense of Toledo and Tong [B], on A°x* <S) A* £■ 

A key tool in extending Theorem A to this situation is the notion of the "general- 
ized supertrace" of an endomorphism of the exterior algebra of a finitely generated 
projective module. Suppose that y is a (locally) free module of finite rank r over 
a commutative ring k. Then the generalized supertrace is a map 

TrA : Endfc(A*^) A*V'' 

(c.f. Definition 16. If v4 is a graded-commutative algebra over k, we can extend 
this to a map 

TrA : ^ndAiA^A*V) A^/\*V'^ 

Here (g) denotes the "super" or graded tensor product. If e EndA(A* then 
the degree component of TT\(ip) is the usual super-trace of (p. The key property 
of TrA (which is proved in Section 3.) is: 

Proposition. Assume that (p G End^(/\* V), and let S E End^(/\* V) be an A- 
linear superderivation. Then 

Theorem (B). Let Z be a complex submanifold of X such that there exists a 
holomorphic vector bundle -k : E X and r G T{X,Ax ® £'^) such that It : 
Ax (S) £ Ax ® Tz is surjective. Then 

• There is a superconnection 6 of type (0,1), on the super-bundle f\* E, such 
that: 

(1) 5^ = 0, so 5 defines a differential on A'^x* ® /\* £, 

(2) the component of S of degree —1 with respect to the grading on f\ E 
is the Koszul differential ir, 

(3) // we write 6 for the induced differential on Ai^^ ® A* £ > then the map 

£ = Ox Oz induces a quasi-isomorphism of complexes: 
{A°/ ®A*£,5)^{A°/ ®Oz,d) ^ Oz 

• Let Ra be the curvature of the superconnection A = \I + 5 on f\ E . Then 
the generalized supertrace of -^R^ defines a map of complexes 

A'^®A*£^Xx*[r], 

which, via the quasi-isomorphisms in part 1 ), represents the Grothendieck 
fundamental class [Z], 

• The image of [Z] in H^'^{X, C) is represented by the degree component of 
the generalized supertrace of -pR^^, i.e., by the super-trace of ^R^^, which by 
Quillen [11] is an {r,r)-form representing the Chern character chr{f\* E). 

The proof of Theorem B is contained in Proposition 18. 4[ Theorem 110.31 and 
Corollary [inSl 

1. SUPEROBJECTS 

Throughout this paper we will use the language of super- objects. We include 
here basic definitions and properties for the convenience of the reader and to fix 
notation. We omit the details and proofs, which may be found in [TT] and [1]. 

Let A: be a commutative ring with unity . 
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Definition 1.1. A k-module V with a 'L/2'L- grading is called a k-supermodule. 

Remark 1.2. In the same spirit, a Z/2Z-graded object in an additive category is 
called a superobject. As realizations of this general definition, we will be dealing 
with super algebras, super vector bundles on a smooth manifold, and sheaves of 
superalgebras on a topological space, etc. 

We will write and V~ for the degree (mod 2) and degree 1 (mod 2) parts 
of V and we will call them the even and the odd parts of V respectively. Let ^ V 
be a homogeneous element. We say |z/| = if e and = 1 if G V~ . 

Endfc(T^) is also a fc-supermodule with the grading 

Endfc(F)+ = }iomk{V+,V+) (S}lomk{V-,V-) 
EndkiV)- = UomkiV+,V-)(BllomkiV-,V+) 

Moreover, the algebra of endomorphisms Endfc(F) is a A;-superalgebra with this 
grading. If no confusion is likely to arise, we will suppress the mention of the ring 
k from now on. 

Definition 1.3. Let A be a superalgebra. The supercommutator of two elements of 
A is 

[a,b]^ = a6- (-l)l"ll''l6a 
where a and b are homogeneous. The supercommutator is extended bilinearly to 
non-homogeneous a and b. 

If the supercommutator [,]^ : A ® A ^ A is the zero map, then A is called 
a commutative superalgebra. The exterior algebra of a free module M with the 
Z/2Z-grading ^+ M = ^^M and f\~ M = 0^ A^M is a commutative 

superalgebra. 

Let V be finitely generated and projective. Assume that ^ E k. Giving a Z/2Z- 
grading on V is equivalent to giving an involution e e Endfc(V^), that is = /. 
The even and the odd parts are the eigenspaces corresponding to the eigenvalues 
+1 and —1 respectively. In the same fashion, the Z/2Z-grading on Endfc(F) can 
be given by the involution 

p{ip) — eo (fi o e 

where (p £ Endfc(y). 

Definition 1.4. Let ip 6 Endfc(y). The supertrace of ip, denoted by tisip), is 
defined to be 

tisif) = tr(e o ip) 
where 'tr ' is the usual trace map. 

Lemma 1.5. The supertrace vanishes on supercommutator s. 

Proof, cf. [nj □ 

Let A and B be superalgebras. We define the super tensor product of A and B, 
denoted by A®B, to be the fc-module A® B with the Z/2Z-grading 

{A®B)+ = {A+ ® B+) ® {A- ® B-) 
{A®B)- = {A+ ®B-)®{A- ®B+) 
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and the algebra structure 

(ai ® 6i)(a2 ® 62) = (-l)l''ill"^laia2 ® 61^2 

for homogeneous elements ai,a2 G A and 61,62 G As usual the product is 
extended bilinearly. 

Definition 1.6. Let A be a superalgebra and 5 G Endfe(A) be homogeneous. We 
will call 6 a superderivation if it satisfies the super-Leibniz formula 

S{aia2) = 5{ai)a2 + (-l)l''ll'^ilai<5(a2) 

for homogeneous ai,a2 G A. We will call a non-homogeneous element o/Endfc(A) 
a superderivation, if its even and odd components are superderivations. 

2. Sheaves on Real Analytic Manifolds 

While we could use the C°° Dolbeault complex in the proof of the first main 
theorem, for consistency we will work with real-analytic forms throughout this 
paper. In this section, we shall recall the results that we need. 

Theorem 2.1. Let M be a real analytic manifold which is countable at infinity and 
let J- be a coherent analytic sheaf on M . Then 

HP{M,T)^0 for p>0 

Proof, cf. Proposition 2.3 of |3J □ 

We denote the sheaf of real analytic functions on M by Am, while if X is a 
complex manifold, we shall write A^"^ for the sheaf of (p, g)-forms with real analytic 
coefficients. It is a classical result (see [B]) that the real-analytic Dolbeault complex 
is a resolution of the sheaf fi^ of holomorphic p- forms. It follows from the theorem, 
therefore, that if f is a locally free sheaf of Ox-modules, then the cohomology 
groups H'^{X, £) may be computed as the cohomology of the real analytic Dolbeault 
complex Ax* ®Ox ^{^)- 

Corollary 2.2. Let T be a locally free sheaf of A]\i -modules of finite rank. Then 
T is a projective object in the category of coherent sheaves of AM-^nodules. 

Proof, cf. Lemma 2.7 of □ 

It follows immediately that any vector bundle on a complex manifold admits a 
real analytic connection, since to give such a connection is the same as splitting the 
Atiyah sequence. 

Proposition 2.3. Let Xi and X2 be complex spaces. The canonical projection 

TTi : X\ X X2 — > X\ 

is flat. 

Proof, cf. 7 (Proposition 3.17 on page 155). □ 

Corollary 2.4. Let X be a complex manifold. The sheaf Ax is a flat sheaf of 
Ox -algebras. 
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Proof. Let X denote the complex manifold with the opposite complex structure and 
A : X ^ X X X he the diagonal embedding. Let tti : X x X X he the projection 
onto the first component. Let x ^ X he any point. The stalks Ax.x and O^^X is{x) 
are canonically isomorphic. Hence the result follows from the proposition applied 
to the map ni : X x X ^ X . □ 

It follows immediately that if is a coherent sheaf of Ox -modules, then the 
cohomology groups H''{X,T) may be computed as the cohomology of the real 
analytic Dolbeault complex Ax ®Ox ^i-^)- 

3. SUPERCONNECTIONS AND THE ChERN CHARACTER 

Let us recall the definition and basic properties of superconnections from [llj 
We assume that X is a real analytic manifold of dimension n. However, every- 
thing in this section applies verbatim to the smooth case. We denote the exterior 
algebra of the sheaf of real analytic differential forms on X, which is a sheaf of 
commutative superalgebras, by Ax ■ Let E = i?+ ® E~ he a real analytic super 
vector bundle on X. We will write £ for the sheaf of real analytic sections of E, 
and A*x{£) for A*x<E)Ax^- 

Definition 3.1. A C-linear endomorphism A of Axi£) of odd degree is called a 
superconnection on E if it satisfies the super-Leibniz rule 

A{uj (gi s) = duj ® s + (-l)l'^lcj A A{s) 

for local sections lo^s of Ax and £ respectively. 

If X is an almost complex manifold and if A satisfies the following version of the 
super-Leibniz rule 

A{uj ®s)=duj®s+ A A{s) 

then, it is called a superconnection of type (0, 1) (or simply a (0, l)-superconnection). 

A? is called the curvature of the superconnection and is denoted by Ra. The 
curvature of A satisfies the identity 

i?A(w ® s) = Lo ^ Ra{s) 

for local sections oj and s of A*x and £ respectively. Thus Ra can be thought as 
a section of the sheaf of superalgebras A*x® £ndAx i^) where £ndAx [E) denotes 
the sheaf of endomorphisms of the bundle E. 

We extend the supertrace to a map trs : A*x® £ndAx (E) ^ Ax by the formula 

for local sections ui and ip of Ax and £ndAx {E). 

Proposition 3.2. Let n be a non-negative integer. The differential form tVs{R\) is 
closed and its cohomology class does not depend on the choice of the superconnection 
A. 

Proof, cf. [TT] □ 

Theorem 3.3. The differential form 

(3.1) tr,(exp(i?^)) 

represents the class ch(_B+) — ch(_B^) in cohomology. 
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Proof, cf. [n] □ 

Remark 3.4. The reader is warned that we omit the usual factor of (2^) from (|3.ip . 
following the convention in algebraic geometry. 

4. The Grothendieck Fundamental Class 
General references for this section are [S] and [T]. 

Let X be a compact complex manifold of dimension n. We denote the sheaf 
of holomorphic functions and the sheaf of holomorphic fc-forms on X by Ox and 
ilx respectively. Suppose that and Q are sheaves of Ox— modules. We write 
TComoxi^jG) for the sheaf of Ox-morphisms from !F to Q and llomo^{!F,Q) for 
T{X, Tiomox (-^j Q))- The derived functors of Homox (-^i G) (resp. Homo^ {T, Q)) 
will be denoted by £xtQ^{T, Q) (resp. Ext^^ {T, Q) ). We simply write JF^ for the 
dual of 

The abelian groups F,xtQ^{T,Q) and sheaves £ xf^^^ ^ , Q) are related by the 
following spectral sequence 

E^' = H\X, £xt^^ {T, g)) ^ Ext^+^ (.F, g)) 

Let y be a complex submanifold of X of codimension p. We denote the sheaf of 
ideals defining Y by I. In this situation, one has that 

£a;fo^(OY,rj^) = fori<p and 

£xti^{OYM\) = A^ii/i^r ®OY®np, 

= Homox{A''{I/T^),OY'E)nP,) 

All tensor products are taken over Ox unless stated otherwise. It follows that the 
edge homoniorphism 

ExtijOY,np,) ^ H"{£xtljOY,np,)) 

is an isomophism, and so 

Ext^^ {OY,nP,)^ iiomox (A" (I A' ),OY<E>nP,) 

Therefore there is a class [Y] in Ext^^ (Oy , 57^) which corresponds to the homo- 
morphism of sheaves 

/i A ■ • ■ A /p d/ 1 A • • • A d/p 

The class [Y] is called the Grothendieck fundamental class of F in X. 

5. KoszuL Factorizations 

In this section, we prove Theorem A of the Introduction. The proof is contained 
in Proposition [53] and Theorem [531 

Let TT : E ^ X he a holomorphic vector bundle of rank r and let V be a flat real 
analytic connection of type (1, 0) on E. For instance, V can be taken as the (1, 0) 
part of the canonical connection associated to a real analytic hermitian structure 
on E. We write V for 9 + V. We will denote the induced connection, and the (1,0)- 
connection on the dual bundle E'^ using the same symbols. However R will be used 
exclusively to denote the curvature of the induced connection on E"^ . Throughout 
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this section we assume that r G T{X, f ^). Let It ■ Ax <E) /\^ £ ^ Ax <E) A^^^ ^ be 
contraction by r as usual. We extend ir to an odd superderivation of the sheaf of 
commutative superalgebras Ax® A £■ Note that V(t) = Zt o V + 9o z^. : Ax <E)£ ^ 
A]f and therefore V(r) can be considered as an element of r{X, A]f (S)£'^). We 
write Iv(t) : Ax ® /\^ £ ^ A]f (g) A^"^ £ and : Ax iS) /\^ £ ^ -4^^ A^"^ ^ 
for the contractions with V(t) G r(X,^^" (g) f^) and i?,(r) G r(X,Ax^ (g) f"^) 
respectively. We extend Iv(t) (resp. «ii(x)) to an even (resp. odd) superderivation 
ofA*x^/\£. 

We state two facts without proof 

[^'«V(r)]s = «iJ(r) 

Lemma 5.1. For 1 < p < r i/ie following diagram is commutative 

^r-p+l,r-p+l yy^""-^ £ (p-i)! ^ ^r,r-p+l 

where Z^^ denote the sheaf of d-closed (not necessarily d-closed) forms of type 
Proof. 

^' j=0 
1 

1 

^- j=0 

□ 

Let (l)p : /\P £ ^ Homox A*^ ^) t>e the isomorphism given by 

(/>p : a (/3 /3 A a) for aG /\^£, (3 e /\''~^£, and < < r 

We will identify the sheaves TLomox{K~^ K ^) and /\^~^ £^ /\^ £ via the 
canonical isomorphism between them. 
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Lemma 5.2. The following diagram is commutative for 1 ^ p ^ r 
(</.-'®i)o(A'-''fl®i)o<^p 



';^r—p,T—p 



I 2^r-p+l,r-p+l 



where /\P R : /\P S"" ^ A" « 
• • • A R{eP) for local sections e^, 



Z^f is defined by /\^ R {e^ A ■ ■ ■ A e^) = R{e^) A 



Proof. The lemma is an immediate consequence of the fohowing commutative di- 
agrams. (Note that At and AR{t) denote right multiplication by r and R{t) 
respectively). 



and 



A 



r-p py 



r-p+1 pv 



A 



A 



A'^'^f^^A''^' 

/\R(t) 



A''"^£^®A''f < 

/\R(t) 



A^ 



R<Sil 



A 



r-p+l p\j 



I ^r-p,r-p 



^ ^r—p+l,r—p+l 



I 2^r-p,r-p 



■;rr—p+l,r—p+l ^p-i^ 



';^r—p,r—p 
^X 



A 



^ ^r— p-t-l,r— p+l 



It is worth mentioning that R can be written as a matrix of (9-closed forms of type 
(1, 1) with respect to any given local holomorphic framing. Consequently the image 
of the mapping A'' R ■ A" ^ A" E'' ® A''/ lies in A" £^ ® ■ Since r is a 
holomorphic section, a similar remark applies to the mappings Ir{t) and AR{t). □ 

Proposition 5.3. The following diagram is commutative 



r.O 



K 



A 



o 



X 



■!/'o=det(ii) 



A 



r,r — 1 



•^X 



□ 



^x ' ■^x ' ' ■^x 

where V'p = |r iiv{r)f o (0^ ^ ® 1) o (A''"^i? O 1) o 
Proof. This is an immediate result of the previous two lemmas. 

The symbol f : C* D* is used to denote that / is a quasi-isomorphism. 

Proposition 5.4. The morphism ip € Womo^CA* ^'"^x*H) represents the Grot- 
hendieck fundamental class of Z in £xt'Q^{Oz,^^x)- 

Proof. The morphism (which is a map of complexes) ijj G TioTOo^ (/^(r)*, yl^* [r]) 
gives us an r-cocycle, denoted by [^], in the double complex TLom*Q^{K{T) ,A!^^). 
We have the quasi-isomorphisms 

nom*o^ {K{Ty,A''^) ^ K{t)* ® det(5^) ® A''^* ^ Oz ^ det(£^) ® 
Under these maps, [ijj] is mapped to Vr : A'^ ^ ~* -^^x^ (mod X). 



10 



HENRI GILLET AND FATIH M. UNLU 



We have r — ^ - a^e* with respect to some local holomorphic framing {e^, . . . , e*"} 
of^;^. Then 

V'r(ei A • ■ • A e^) = ^ («v(T))''(ei A ■ • • A e^) 

= «v(r)(ei) A • • • A^v(T)(er) 

— dai A • • • A dar (mod 1) 

— dai A ■ • • A dar (mod X) 

Then the result follows from the fact that the morphism defining Grothendieck 
fundamental class of Z in Homo^ {/\^{I/T'^),Oz ® fix) is mapped to ipr ■ /\^ S ^ 
A^jf (mod X) under the following sequence of quasi-isomorphisms 

Kil/I^Y ® ^'x ^Oz® det(£'') ®^'x^Oz® A&liE^) ® 

□ 

Theorem 5.5. The map of complexes ip G Homo^ (/\* £, .A^*[r]) represents the 
Grothendieck fundamental class of Z in Ext0^(Oz, ^^x)- Moreover the image of 
in H''{X, fl'x) is the r-th Chern form CriE"^ 

Proof. Since %p represents the Grothendieck fundamental class locally, it does so 
globally. The second result follows from the fact that tAq — det(i?) by Proposi- 
tion [5l3] and that det(i?) is the r-th Chern form of the pair [E^ , V). □ 

We obtain immediately 

Corollary 5.6. Let tt : E ^ X be a holomorphic vector bundle of rank r and 
T : X — > E^ be a holomorphic section which is transverse to the zero section. If Z 
is the complex submanifold where r vanishes, then the fundamental class of Z in 
Dolbeault cohomology is represented by the r-th Chern form Cr{E^ 

Notice that the standard proofs of this result (for example in [8 ) implicitly use 
the axioms defining Chern classes. 

6. Generalized Supertraces 

The heart of this section is Proposition 16.41 which will be used in Section 9 to 
construct a map of complexes that represents the Grothendieck fundamental class. 

Let F be a finitely generated projective module over a commutative ring with 
unity fc, and let be its dual. Let ( , ) : ®kV ^ k he the pairing defined by 
(s, t) = s{t) for s e and t £V. We extend ( , ) to a pairing between /\™ and 
A"Fby 

{u, v) = dot {u\vj) 

where u = A • ■ • A £ /\™ and v — vi A ■ ■ ■ A Vm ^ A™ ^- I* is easy to 
check that 

{u, v) = (i„™ o • • • o ^„l)(^;l A • • • A Vm) 
where i„j denotes contraction by . We denote the exterior algebra oi V hy /\V 
with the usual grading for which A" V has degree n. Then 

Homfc(Al^,A^) 

is naturally graded with Homfc(A™V, /\"V) having degree (n — m). 
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Definition 6.1. Let (p € }iomk{/\V, /\V). If ip has degree (— n) with n ^ 0, we 
define the generalized supertrace of ip, denoted by TrAi^p) G l\^V^ (as opposed to 
the supertrace iVg), as follows: 



where l^ G Endfc(/\V) is left multiplication by r] for some t] G f\^V. If (p has 

positive degree, then Tta{p) is defined to be 0. 

Clearly when n = 0, we have Tia = tig. 

Let i : — > Endfc(/\y) be the inclusion defined by i{a){l3) = {a,/3) for 
a G A™ and /? G A" ^, and = ii f3 V . Wc will often identify 

A with its image under i, and think of Tt\(p) as belonging to Endfe(A V). 

Remark 6.2. We have the identity 



Remark 6.3. Let r G and let tr denote contraction by r, which is a superderiva- 
tion of A ^ of degree —1. It is straightforward to check that 



An important feature of the supertrace is that it vanishes on supercommutators. 
However, this is not true of the generalized trace TrA. Instead we have: 

Proposition 6.4. Assume that ip G Ein.dk{/\V) , and let 5 G Endfe(A^) be a 

k-linear superderivation. Then 



In order to prove the proposition we need a lemma. 

Lemma 6.5. Assume that ip G Homfc(A V, A V) is of degree —n ^ 0, and let 6 be 
a k-linear superderivation of degree j with —n + j ^ 0. Then 



(TrA(¥'))(7?) = (-l)l''ltr,(4,o<p) 



TrA oi = id/\ y 



v 




rank!/ ^ 2 
rank V = 1 



S 



Proof. Let 7] G /\^^ y be any clement. Then 

= (-l)l''ltr,(4,o5o(p) - (-l)l''l-"nr,(4,o(^o^) 



by definition of Tta 



= (-l)l''ltr,(4, oSo^)- (-l)"-"^tr,(5 ol^oip) 



since trs([(5, Z,; o p]g) = 
= (-ir-"^+itr,(/,(,)0^) 



= -{~l)-"'TTA{ip){6{Tjj) by definition of TrA 
= [S,Tta{'pMv) since (5 o TrAM = 



□ 
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Proof of Proposition \6.4\ We can write (p — J2n fri and 6 — J2j where ipn is the 
degree n component of ip, and dj is the degree j component of S. Note that a su- 
perderivation of /\ F is necessarily of degree greater than or equal to —1. Moreover, 
Tij^lSj, ipnls ^ ^ miless n + j ^ 0. Then 

= XI H Tr A [^j, 

= X X [Sj,TTA{^n)]s byLemma[6?5] 

□ 

7. Twisted Complexes 

In this section, we give a brief exposition of twisted complexes, which were 
introduced by E. Brown in [5]. These shall be used in Section [5] to construct 
"global resolutions" of by locally free -modules, (cf. Proposition 18. 4p . The 
reader is referred to [Tl| for an extensive study of the use of twisted complexes in 
the duality theory of complex manifolds. 

Let A be an abelian category. 

Definition 7.1. Let M = {Af-^jp he a higraded object in A, and let 5 he a dif- 
ferential of total degree +1 on the associated graded object T{My — ^^j^^^i A/^'''. 
The pair (M, 5) is called a twisted complex if 5 preserves the filtration with respect to 
the grading by the first degree on M. In this case, 5 is called the twisting differential 
of the pair (M, 6). 

We can write S = J^k^o^-k where G Hp.^GZ Hom^(AfP'?, MP+'^'^^-'^'+I). The 
fact that = entails the following, which is called the twisting cocycle condition, 

n 

(7.1) X^ Oifln^i — for n ^ 0. 

i=0 

Consider the cases where n=0, 1, 2 

(7.2) al = 

(7.3) aofli + oiflo = 

(7.4) 0002 + al+ 0200 = 

(MP^*,ao) is a cochain complex for each p G Z by (|7.2p . The totality of maps 
(-1)%^'' : MP+'^'t gives us a map of complexes from (MP'*,ao) to 

(AfP+i'*,ao) by Equation entails that -al : {MP'*,ao) {MP+^'*,ao) 

is chain homotopic to the zero map, and the chain homotopy is given by 02 G 
np.,aHom^(Mf'^Mf+2^'J-i). 

By definition (T(M)*, S) is a filtered differential object with the filtration given 
by F'' = 0j^^, M^'^ . Hence there exists a spectral sequence with 

EP^'^ = H''{MP'*,ao) ^ HP+^{T{M)*,5) 
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We note that (H* (Af^'*, ao), ai) is a cochain complex because of (|7.4|) . As a result 
the E2 terms of the spectral sequence are 

Remark 7.2. The reader may observe that there is a formal similarity between 
twisting cocyles and flat superconnections. 

Example 7.3. Every double complex (with anticommuting differentials) is a twisted 
complex with = for k ^ 2. 

Example 7.4. Let (C*,d) be a bounded cochain complex in A, and for simplicity 
assume that C*"' 7^ only for ^ /c ^ n for some n E N. Suppose we are given 
projective resolutions (P^'*,ap) of for each p with augmentation maps : 
{PP'*,ap) CP. Then one has cochain maps l3p : (PP'*,ap) ^ (PP+i-*, a^+i) 
lifting d:CP^CP+\ 



> pO'-i > pi.-i ^ 



^-1 , pn,-l 



pO,0 ^° ) pl,0 ^° 



P'^ 













Now we will construct maps for fc ^ in order to make (P**,S = X]fe>o'^fe) ^ 
twisted complex. (Note that ak — ior k ^ n + 1) . 

We set ao — {(— l)^ap}pgz and ai ~ {Pq}q^z- Then the twisting cocycle con- 
dition is satisfied for n = and ji — 1. Now assume that is constructed. It 
is easy to check that — J2i=i ^i^k~i+i ■ (P^'*,ao) ^ (PP+*''+^'* [— /c + l],ao) is a 
cochain map. If wc consider — o-i^-k-i+i as a map from the complex [PP'* , oq) 
to the augmented complex (pP+'=+i'* [-fc + 1] ^ CP+'=+^[-fc + 1] ^ 0), then it is 
homotopic to the zero map being a chain map from a complex of projectives to an 
acyclic complex. Let a^+i be a chain homotopy between — X^iLi '^lOfe-i-i-i and the 
zero map, then one has 

fe 



= 



which is equivalent to the twisting cocycle condition for n — k \. This completes 
the induction. 

Moreover, if we endow C* with the filtration bete, i.e. the filtration defined by 

if i < p 



C" if i^p 
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then, the augmentation map e : T{P**) — > C* respects the filtrations and is a quasi- 
isomorphism of the associated graded objects. Therefore, the cochain complex 
{T{P**),S) is quasi-isomorphic to {C*,d). 

Definition 7.5. Let C he an object in A. A twisted complex (Af, 5) is called a 
twisted resolution of C if 

8. KOSZUL-DOLBEAULT TwiSTED RESOLUTIONS 



The main resuh of this section is Proposition 18.41 wherein we use twisted com- 
plexes to construct a global resolution of Oz by locally free ylx-modules. 

Let X be a compact complex manifold of dimension n. We write Ax and A'^'^ for 
the sheaf of real analytic complex valued functions and for the sheaf of real analytic 
differential forms of type (p, q) respectively. Let tt : _E — > X be a holomorphic vector 
bundle of rank r. We will denote the sheaf of holomorphic sections of E by S. The 
dual bundle and its sheaf of sections will be denoted by E"^ and £^ respectively. 

Definition 8.1. A connection of type (0,1) (or simply a (O,l)-connection) on E is 
a C-linear map 

D : Ax A°x ®S 

satisfying the Leibniz rule 

D{fs) ^df(8>s + fD{s) 
for local sections f of Ax cind s of £ . 

Let Z? be a (0, l)-connection on E, and let ( , ) denote the pairing between E and 
E'^ . One defines a (O,l)-connection on E^ (which will also be denoted by D) by 
the formula 

d{s,t) = {Ds,t) + {s,Dt) 

for local sections s and t of Ax®£ and Ax®^'^ respectively. Finally we extend D to 
a C-linear superderivation of odd degree of the sheaf of superalgebras A*x® /\£- As 
a result, D is a (0, l)-superconnection on the bundle /\ E. Let r be a global section 
of Ax ® 5^. We extend ir, the contraction by r, to an odd degree superderivation 
of Ax'^ A ^ which acts trivially on A{X). 

Lemma 8.2. Letr e T{X,Ax'®£^) be any section and let D be a (0, \)-connection 
on E such that D{t) — 0. The following diagram is anti- commutative for p,q ^ 

A°x'®A''£ — ^ A°x'+'<E>AP£ 



A°x''®A''~'£ A'^x"^^ ®A''-^£ 

Proof. D O Ir + It O D ~ [D, lr]s = *D(r)- '-' 

Lemma 8.3. Let Z be a complex submanifold of X such that there exists a holo- 
morphic vector bundle tt : E' — > X and a sectionr £ T(X,Ax'Si£'^), vanishing along 
Z , such that the induced map i^- : Ax ® ^ — *■ Ax ® 'is surjective. Then there 
exists a (0, l)-connection D on the bundle E such that D{t) = 0. 
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Proof. We have the foUowing diagram 

Ax 



X 



X 



X 



'02 







"'x^ '^S such that t^o0 — tgf^^-^ since 



There exists an ^x-hnear map 9 : Ax ®£~^A 
p o Zg^^^ = and Ax (8> f is projective by Corollary 12.21 Then D — d — 9 is the 
desired (0, l)-connection since 

[D,^rl^[^,^rl-[9,^rl^0 

□ 



Proposition 8.4. Let Z be a complex submanifold of X such that there exists a 
holomorphic vector bundle t: : E ^ X and t G T{X,Ax ® i?^) such that It : 
Ax (El £ Ax ®1z is surjective. There is a twisted resolution (cf. Definition\77t 

{M- 



l.m 



Efe>o ak) of Oz with M''" = A'li ® A" £, ao 



ai 



D, and 



where the ak are AX^ -linear superderivations for k ^ 2. 



The quasi- isomorphisms are the augmentation map e : (T(M)*,(5) — > [A! 
Oz,d) and the inclusion Oz ^ {A^* (E)Oz,d). 



X 



Proof. The fact that («t)^ = and that D and ir anticommute implies that the 
twisting cocycle condition (defined in Section[7]) is satisfied for n — and n — 1. We 
will construct superderivations ak, fc ^ 2 satisfying the twisting cocycle condition 
by induction. 



A 



X 



A, 



A' 



A 



0,1 

X 



D 



A 



X 



a: 



0,n 



We have the diagram 



AY®K£ 



Ax®£ — Ax 

<0,2 „ A 2 'i-T .0.2 „ c <0,2 

Ax ®> l\ o > Ax ® o > Ax 
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There exists an Ax-^^near map 02 : Ax ® £ ^ A^x"^ ^ /\'^ £ such that — = ir oa2 
since -A*^' (Xif is projective by Lemma 12.21 We extend 02 to an odd superderivation 
of A*x® /\£ which acts triviaUy on A*x. The twisting cocycle condition for n — 2 
is satisfied since both —a\ and 02 oi^ 002 are superderivations that act trivially 
on A*x and agree on Ax ® £■ 

Now assume that ak is constructed. Thus we have the diagram 

Ax®£ — Ax 

Ax ® A ^ ^ -^X ® l\ £ > -^x ® l\ ^ 

where \i = — X]i=i '^i'^^fc-i+i- It is straightforward to check that /i is ^x-linear. 
Hence there exists a map a^^i : Ax <®£—> ^'^'^^^ f such that ^ = It oa^j^i. 

The extension of afc+i to an odd superderivation of A*x® /\£ which acts trivially 
on A*x satisfies the twisting cocycle condition by applying the argument used in 
the previous paragraph. Note that = for fc ^ n + 1 , so the induction ends after 
a finite number of steps. 

Let e denote the augmentation map from the twisted complex (T* — T{M)*, S) 
to the complex {A'^x* ® Oz,d)- If we endow the latter complex with filtration bete, 
then e becomes a map of filtered complexes which is a quasi-isomorphism of the 
associated graded objects. Hence, {T*,S) is quasi-isomorphic to {Ax* (S) Oz,d), 
which in turn is quasi-isomorphic to Oz- O 

Note that 5 is a flat superconnection of type (0, 1) on the superbundle /\ E. 

9. KoszuL Factorizations II 

In this section, we will construct a map from the twisted complex T* = T{M)* 
of Proposition [Hm to the Dolbeault complex yl^*[r] by using the generalized super- 
traces of Section ini The precise argument is contained in Corollarv l9.3l In the next 
section, we will prove that this map represents the Grothendieck fundamental class 
of Z in X. 

We extend the generalized trace (cf. Definition 16. ip to a map 
TrA : A*x^ £ndoAAE) ^ A*x%K£^ 

by the formula 

TrA(w ® Lp) — LO TrA((/5) 
for local sections lu and ip of A*x and £ndox (A respectively. 

Proposition 9.1. Let ip be a section of the sheaf of superalgebras A*x® £ndQx (A E) 
and 6 be the twisting differential of Proposition \8.4\ Then 

Proof. We observe that, for local sections oji ® (pi,uj2 <E) (f2 of Ax® £'ndox{l\E)i 
one has that 

[Ui (g) (^1, W2 (g) (^2]s = AW2 (g [^1,^2]^ 

This follows from a straightforward computation and the fact that A*x is super- 
commutative. Therefore 

TrA[u;i ®ipi,uj2® ^2], = ^UJ2® TrA[(pi, (^2], 



AN EXPLICIT PROOF OF THE GENERALIZED GAUSS-BONNET FORMULA 



17 



Assume that (5 is a section of Ax's) £ndox{/\E) which is a superderivation. Since 
the supercommutator and TrA are additive, we may assume (without any loss of 
generahty) that 5 — loi ® (pi and Lp = lj2 ® ^P2- Then 

TrA[^,(p], = Aw2®TrA[(^i,(^2], 

= (-l)l'^ill'^ilt^i Au;2 «) [</?i,TrA(¥'2)], by Proposition EH 

= [^,TrAM], 

We further observe that 5 — 9 is a section of A*x® Endox (A^) which is a sum of 
superderivations. As a result we have 

TiA[5-d,p]^ = [<5-9,TrAM], 

We finally observe that 

[9, (^]^ = [d,UJ2 ® ^P2]s = 9W2 ® IP2 

and 

[d, TrA(^)], = [d, Tta{lu2 ® ^2)]^ = [d, ^2 ® "^^^{^2)]^ = doj2 ® TrA(^2) 
Then the assertion follows from the equation 

TrA[9,^], = [a,TrA(¥')], 

□ 

Recall that the differential (5 is a flat superconnection of type (0, 1) on the super 
vector bundle /\E. If we let A = V + 5 (recall that V is a flat (1, 0)-connection on 
E), then A is a superconnection on /\E. The curvature of A, denoted by i?^, is 
given by the formula 

since = 5^ = 0. 

Corollary 9.2. Let tp = ^i?^. Then 

[5,TrA(^)], = 

Proof. This follows from the fact that [S, Ra]s — and the proposition. □ 

Corollary 9.3. Let = }^R\. Then 

aoTrA(^) = TrA(^)o5 

In other words, TrA(V') is a cochain map from the twisted complex (T* = T{M)* , S) 
of Proposition \8.4\ (which is quasi-isomorphic to Oz) to the Dolheault complex 
(»4j*[r],c}) (which is quasi-isomorphic to il^fHj- 
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j^O m — n^j — 1 

(aj ° TrA('0m,n) - TrA(V^„i,„) o a^) 

j^O m — n^j — 1 

since TrA(7/jm,n) are of even degree 
d o TrA(V^) - ^ ^ TrA(7/;m,n) o aj 

j^O rn— n^j — 1 

aoTrA(V')-TrA(V^)o5 

Then the assertion follows from Corollarv l9.2l □ 

Corollary 19. 31 fcombined with the Lemmas 110.11 and 110. 4p can be seen as a gen- 
eralization of Proposition 15 . 31 to the real-analytic case. 

10. Comparison with the Grothendieck Class 

As a result of Corollarv l9.31 TrA(V') gives us an element in Hom^^ (T*, ^J*[r]), 
and therefore a class in ExtJJ^^ (T*, yl^*). We can identify Ext^^ (T*, ^^*) with 
the group ExtQ^{Oz, ^x) since T* and are quasi-isomorphic to Oz and il^c 
respectively. Now we shall prove that the class of TT\{ip) in Ext^^, (O^, fi^c ), 
denoted by [TrA('(/')], is the Grothendieck fundamental class. But we need two 
preliminary lemmas first. 

Lemma 10.1. Let ip — ^ri?^. We write tjj — X^V'm,™ where i/'m.n G ^i^) ^ 
RouiA^iA"" £,A" £)■ Then 

Proof. We have Ra — [V, 6]^ — *v(t)+X]/c>i ^i^k)- In this sum, the only summand 
that lowers the Koszul degree is the term zv(t) ■ Therefore, the only term that lowers 
the Koszul degree by r in is 7!(*v(t))'^- D 

Therefore, we have the following equality for the restriction of TrA{ip) to Ax ® A*^^ 

Lemma 10.2. Let A*,B*, and C* he cochain complexes; and f : A* ^ B* and 
g : B* —>■ C* he maps of complexes such that the composition g o f is homotopic to 
the zero map. There exists a map l{f) : A* Cone{g)*[—l] such that the following 
triangle is commutative 

1(f) 

A* ^Cone(5)*[-l] 



B* 

where Pr : Cone((7)* [— 1] — > B* is the projection map. 
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Proof. We have 



Proof. Exercise. 



□ 
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Theorem 10.3. [TrA(V')] G ExtJ^^ (Oz, f^x) Grothendieck fundamental 

class. 

Proof. Since Ext^, ^ {O z , ^x) - H°{X,£xf(^^{OzMx))^ need only prove that 
the classes agree locally. 

Let a; G X be a point and J7 be a neighborhood of x such that the restriction of 
E to U is trivial, with {/i, . . . , fr} a local holomorphic framing of E over U and 
{/^, ...,/'} the dual framing for i?^; we identify E and E'^ with the trivial bundle 
via these framings. Assume that Z has holomorphic equations {zi, . . . , Zr} in [/, 
and is hence the zero set of the v — zif^ + ■ ■ ■ + Zrf of i?^. Then the Koszul 
complex K{i')* over U is quasi-isomorphic to Oz\u where K{v)^^ = t\ Olj and 
the differentials are contractions by v . 

We will construct a quasi-isomorphism u : K{v)* T*\u such that the class of 
the composition TrA ("0)1(7 o m in 

is the restriction of the Grothendieck fundamental class of Z. 

Step 1: We first define a map u from K{y)* to K{T)*\if. By the assumptions 
on Z and r, there exist Uji G T(U,Ax) such that Zi — '^jUjiCtj where r = 

aie^H \-are^. We let uq : Ou — > Au be the inclusion and u_i : OJ} Au®£\u 

be the map which sends fi to '^ji^j- Then we extend u_i to a map of Koszul 

complexes by setting u^k = A*^"-!- Therefore u-r is given by multiplication by 
det(uy ). 

Step 2: Next, we shall extend u : K{v)* -> K{tY\u to a map u : K{v)* T*\u. 
The twisted complex T* is a filtered complex with respect to Dolbeault degree. Let 
us denote this (decreasing) filtration by F\ i.e. F^ = F\T*) = 0^-^^ A°x^ ® /\£. 
Then one has Grj, = A^' ® K{t)* . 

The map {—5 + 1^) : K{t)* — > [1] is a map of complexes, since [—5 + It)oit ~ 
—S o (—(5 + 2^). Hence 

(-(5 + v)ou:X(;/)* ->f^i[l]|c/ 

is a cochain map. Moreover, {^S + 1^) o u is homotopic to the zero map since 
K(i^)* is a complex of free Ox-modules; F^[l] is acyclic in negative degrees; and 
((—(5 + ir) o u) : C(7 is the zero map. (Note that uq is the inclusion of 

Ou into Au, and (—5 + «r)o = d). Consequently, there exists an extension 

u = l{u) : K{vy -> Cone(-(5 + ir)*[-l] 

by Lemma [10.21 This is the desired extension since T* = Cone(— (5 + ir)*[~l]- 

Step S: We now prove that u : K{v)* T*\u is a quasi-isomorphism. Let i : 
Oz\u — > -^u* ® Oz\u be the inclusion and p : K[v)* Oz\u be the augmentation 
map. Then we have a commutative diagram 

K{i^)* T*\u 

P e 

Oz\u A'lj*®Oz\u 

in which the vertical arrows and the bottom horizontal arrow are quasi-isomorphisms 
As a result, u is a quasi-isomorphism. 
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Step 4'- Let rj = Tt\{^) o u. Thus the degree {—r) component of rj is given by 
the composition ■p{^v{T}Y odet(u.y). Hence 

??-r(/i A • ■ • A /r) = ^(«v(T))''(det(uy)ei A • ■ • A er) 

= det(uij)^(?v(r))''(ei A • ■ • A e^) 

~ det(uij)dai A ■ ■ ■ /\ dar (mod X) 
= dzi A • • • A dzr (mod 1) 
= dzi A ■ • • A dzr (mod X) 

By Proposition 15.41 rj represents the Grothcndicck fundamental class oi Z D U in 
U. Since u is a quasi-isomorphism, so is TrA('0)|;7- Since TiAiip) represents the 
Grothendieck fundamental class locally, it does so globally. □ 

Lemma 10.4. Let ip ~ ^J^a- have 

TrA(-0)Ux = ^trs(V') 
r! 

Proof. Omitted. □ 

Corollary 10.5. The image of the Grothendieck fundamental class in H^{X,^V-^) 
is represented by the (r, r) degree part of the Chern character form of the superbundle 
f\ E equipped with the superconnection A = V + S. 

Proof. This follows from the theorem, Lemma 110.41 and Theorem 13.31 □ 
This completes the proof of Theorem B. 
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